This is a survey and research note on the modified Orlik conjecture derived from the division theorem introduced in [2] . The division theorem is a generalization of classical addition-deletion theorems for free arrangements. The division theorem can be regarded as a modified converse of the Orlik's conjecture with a combinatorial condition, i.e., an arrangement is free if the restriction is free and the characteristic polynomial of the restriction divides that of an arrangement. In this article we recall, summarize, pose and re-formulate some of results and problems related to the division theorem based on [2] , and study the modified Orlik's conjecture with partial answers.
Introduction
Let K be an arbitrary field, V = K ℓ and S = K[x 1 , . . . , x ℓ ] the coordinate ring of V * . Let A be an arrangement of hyperplanes in V , i.e., a finite collection of linear hyperplanes in V . For H ∈ A fix a linear form α H ∈ V * such that ker(α H ) = H. For Der S := ⊕ such that X 0 ⊂ · · · ⊂ X ℓ and X i ∈ L i (A). The Möbius function µ : L(A) → Z is defined by, µ(V ) = 1 and by µ(X) := − X Y ⊂V µ(Y ) for X = V . The Poincarè polynomial π(A; t) of A is defined by π(A; t) := X∈L(A) µ(X)(−t) codim V X . Also, the characteristic polynomial χ(A; t) of A is defined by χ(A; t) := t ℓ π(A; −t −1 ). It is known that π(A; t) coincides with the topological Poincarè polynomial of the complement M(A) := V \∪ H∈A H when K = C. Hence the coefficient b i (A) of t i in π(A; t) is nothing but the i-th Betti number of M(A). For X ∈ L(A), a localization A X of A at X is defined by A X := {H ∈ A | X ⊂ H}, and the restriction A X of A onto X is defined by A X := {H ∩ X | H ∈ A \ A X }. Note that A X is an arrangement in V , but A X is that in X ≃ K dim X . Free arrangements have been intensively studied by several mathematicians, and that research has been the most important among the study of algebraic aspects of an arrangement. To check the freeness of given arrangement, or to construct a new free arrangement is very difficult though that is very fundamental. For that purpose, Terao's addition-deletion and restriction theorems have been the most useful and important. 
Moreover, all the three above hold if both A and A ′ are free.
In [2] the division theorem for free arrangements was introduced, which is a generalization of Terao's addition-deletion theorem 1.1.
H is free and χ(A H ; t) divides χ(A; t) for some H ∈ A. Theorem 1.2 can be regarded as a converse of modified Orlik's conjecture. Orlik's conjecture asserted that A H is free if A is free, the counter example to which was found by Edelman and Reiner in [6] . Theorem 1.2 is a converse of this conjecture with one more condition that χ(A H ; t) divides χ(A; t). Then it is natural to ask whether this modified Orlik's conjecture is true or not. It seems that what is stated in Problem 1.3 is too strong, hence we believe that there will be a counter example to Problem 1.3. In other words, we believe the following conjecture.
Conjecture 1.4
There exists an arrangement A and H ∈ A such that, for the triple (A,
divides both π(A; t) and π(A ′ ; t), and The purpose of this article is to consider in which condition Problem 1.3 is true. The key role is played by the second Betti number b 2 (A) of the complement of A when K = C. Namely, b 2 (A) is the coefficient of t ℓ−2 of χ(A; t). One of the answer is the following, which is a main result in this article.
Theorem 1.5
Assume that A is free and
Note that the equation
. What is interesting in Theorem 1.5 is, to determine the freeness of the restriction, a freeness of some other restriction works.
The other main result in this article is to give an easy sufficient condition for A ′ not to be free even when A is free. This gives us an easy sufficient condition for the equation on the second Betti numbers above not to be true.
Theorem 1.6
Assume that A is a free ℓ-arrangement with ℓ ≥ 3. Let H ∈ A and A ′ := A \ {H}. Then A ′ is not free if there is X ∈ L 2 (A H ) such that one of the following three holds:
Here m
In particular, if one of the three above holds, then it holds that
Hence the arrangement A in Problem 1.3 has a very special geometry. Let us show an application of Theorem 1.6.
Then it is easy to see that A is free with exp(A) = (1, 2, 3, 3). Let H := {x 1 = 0} ∈ A, and show that A \ {H} is not free. The Ziegler restriction
The organization of this article is as follows. In §2 we recall several results and definitions for the proof. This section contains some re-formulation of results in [2] . In §3, first we give some partial answers to Problem 1.3 which follows immediately from the division theorem and other results in [2] . After that, we show Theorems 1.5 and 1.6. In §4 we observe the similarity of supersolvable and divisionally free arrangements.
Preliminaries
In this section let us recall several results we will use for the proof of main results. The first one is the most important result among the theory of free arrangements.
In particular, A is not free if χ(A; t) is irreducible over Z.
Next let us recall some fundamental definitions and results for multiarrangements. For an arrangement A, let m : A → Z ≥0 be a multiplicity function. Then the pair (A, m) is called a multiarrangement, and we can define the logarithmic derivation module D(A, m) by
Then we can define the freeness and exponents for multiarrangements in the same manner as for arrangements.
From an arrangement, we may define a multiarrangement canonically. For an arrangement A and H ∈ A, define a multiarrangement (A H , m H ), called the Ziegler restriction of A onto H, by m H (X) := |A X | − 1 for X ∈ A H . Then the following is the most fundamental.
Theorem 2.2 ([14])
Assume that A is free with exp(A) = (1, d 2 
The next result is a generalization of Theorem 1.1 to multiarrangements. For details and definitions on the Euler restriction, see [4] . The following is a freeness criterion by using the second Betti number and the Ziegler restriction. For details, see [5] . Also, for the definiton of the second Betti number of a multiarrangement, see [3] .
Let us introduce two more results from [2] . Since the formulations of these results are slight different from those in the original version in [2] , we give proofs for the completeness.
The first one is the following proposition, which says that the Ziegler and Euler restriction commutes if there is a division χ(A H ; t) | χ(A; t).
Proposition 2.5 ([2], cf. Theorem 1.7)
Let A be an ℓ-arrangement, H ∈ A and (A H , m H ) be the Ziegler restriction
(1) the Ziegler restriction of A H onto X coincides with the Euler restriction of (A H , m H ) onto X, and
Proof. Immediate from Theorem 1.7 and its proof in [2] .
In particular,
i=0 of A. Proof. Let b 2 (dA) denote the coefficient of t 2 in π(A; t)/(1 + t). Then the equation (4.1) in [2] shows that 
Proof. The "only if" part is nothing but Theorem 1.1. The "if" part follows also immediately by Theorem 1.2.
A partial results and the proof of main results
Before the proof of Theorem 1.5, let us give some partial answer which follows immediately from the division theorem and (b 1 , b 2 )-inequality. 
Then A H is also free with exp(A
Proof. By Theorem 1.2, it suffices to show that
By Proposition 2.6, it holds that
, and In Theorem 3.1, we apply the proof of Theorem 1.2 conversely. Hence Theorem 3.1 may be regarded as an application of the proof of Theorem 1.2 and Proposition 2.6. A useful part of Theorem 3.1 is, if we know the exponents of A and A X , then we can check the freeness between them just by computing the number of hyperplanes in it (we do not need any information on the second Betti number!). Hence practically, or when we want to check some hereditary freeness (see [8] ), Theorem 3.1 and the following corollaries are useful.
Corollary 3.2
Let A be a free arrangement with exp(
Then A X i is also free with exp(
Proof. By Proposition 2.6, it holds that
On the other hand, again by applying (b 1 , b 2 )-inequality, we have
Hence it holds that
Combine these two inequalities to obtain
Hence Theorem 1.2 shows that A X k−1 is free. Apply the same argument to all A X 1 , . . . , A X k−2 to complete the proof.
Moreover, we do not need to assume the freeness of A as follows:
In particular, we do not need the freeness of follows that m * (X) = 2. Hence
by Lemma 3.3 (2), Lemma 3.4 and the assumption that m * (X) = 2 > 1, which is a contradiction. For other cases, use the same argument with the result in [11] .
Let us see an example how to apply Corollary 3.2.
Example 3.6
Let A be an arrangement in V = R 6 defined by
This is the Weyl arrangement of the type D 6 , hence free with exp(A) = (1, 3, 5, 5, 7, 9) . In general, to investigate the freeness of restrictions is very difficult. In the case of Weyl arrangements, it is proved by Orlik and Terao in [8] that all restrictions are free, and such a free arrangement is called hereditarily free. Here let us check freeness of some restrictions of A by applying Corollary 3.2. Let X 1 = {x 1 = x 6 }, X 2 = {x 1 = x 6 , x 2 = x 5 }, X 3 = {x 1 = x 6 , x 2 = x 5 , x 3 = x 4 }, and consider the freeness of A X i for i = 1, 2, 3. Then it is easy to show that
Since A X 3 is the Weyl arrangement of the type B 3 , it is free with exp(A X 3 ) = (1, 3, 5). Hence we may apply Corollary 3.2 to check the freeness of these three arrangements.
By the equations, we can see that |A| = 30, |A
Hence Corollary 3.2 shows that A X 1 and A X 2 are both free with exp(A X 1 ) = (1, 3, 5, 5, 7) and exp(A X 2 ) = (1, 3, 5, 5).
Supersolvable and divisionally free arrangements
First recall the definition of the supersolvable arrangement. Second, let us introduce a different definition of a supersolvable arrangement. We do not know whether it has been already known. Here we give a proof for the completeness. Proof. Let A i := A X i . Since a supersolvable arrangement is free with exponents in Definition 4.1, the "if" part is immediate. Assume that A satisfies the equality in Proposition 4.2. Assume that the assumption for supersolvable arrangements holds true for A 0 , . . . , A i . We show that, for any distinct H, L ∈ A i+1 \ A i , there is K ∈ A i such that H ∩ L ⊂ K.
By the induction hypothesis, we know that A i is supersolvable with b 2 (A i ) = supersolvable arrangements, it is natural to ask whether some special properties which hold for supersolvable arrangements also hold true for divisionally free arrangements.
